Interactions of three-dimensional solitons in the cubic-quintic model by Burlak, Gennadiy & Malomed, Boris A.
ar
X
iv
:1
80
5.
09
17
3v
1 
 [n
lin
.PS
]  
23
 M
ay
 20
18
Interactions of three-dimensional solitons in the cubic-quintic model
Gennadiy Burlak1 and Boris A. Malomed2
1Centro de Investigacio´n en Ingenier´ıa y Ciencias Aplicadas,
Universidad Auto´noma del Estado de Morelos, Cuernavaca, Mor., Me´xico and
2Department of Physical Electronics, School of Electric Engineering, Faculty of Engineering,
and Center for Light-Matter Interaction, Tel Aviv University, Tel Aviv 69978, Israel
We report results of a systematic numerical analysis of interactions between three-dimensional
(3D) fundamental solitons, performed in the framework of the nonlinear Schro¨dinger equation
(NLSE) with the cubic-quintic (CQ) nonlinearity, combining the self-focusing and defocusing terms.
The 3D NLSE with the CQ terms may be realized in terms of spatiotemporal propagation of light in
nonlinear optical media, and in Bose-Einstein condensates, provided that losses may be neglected.
The first part of the work addresses interactions between identical fundamental solitons, with phase
shift ϕ between them, separated by a finite distance in the free space. The outcome strongly changes
with the variation of ϕ: in-phase solitons with ϕ = 0, or with sufficiently small ϕ, merge into a
single fundamental soliton, with weak residual oscillations in it (in contrast to the merger into a
strongly oscillating breather, which is exhibited by the 1D version of the same setting), while the
choice of ϕ = pi leads to fast separation between mutually repelling solitons. At intermediate values
of ϕ, such as ϕ = pi/2, the interaction is repulsive too, breaking the symmetry between the initially
identical fundamental solitons, there appearing two solitons with different total energies (norms).
The symmetry-breaking effect is qualitatively explained, similar to how it was done previously for
1D solitons. In the second part of the work, a pair of fundamental solitons trapped in a 2D potential
is considered. It is demonstrated that they may form a slowly rotating robust “molecule”, if aninitial
kicks are applied to them in opposite directions, perpendicular to the line connecting their centers.
The self-focusing cubic nonlinearity is ubiqui-
tous in a large variety of physical media (optics,
plasmas, Bose-Einstein condensates, etc.), help-
ing to build solitons in these media. However,
while the one-dimensional (1D) solitons are com-
pletely stable, they are subject to destructive in-
stabilities in 2D and 3D, induced by the critical
and supercritical collapse, which is driven by the
same cubic nonlinearity in the multidimensional
settings. A well-known solution of the stabiliza-
tion problem for 2D and 3D solitons is the addi-
tion of a self-defocusing quintic term, which ar-
rests the collapse. This term naturally appears in
models of optical media (in particular, colloidal
suspensions of metallic nanoparticles). Once the
stabilization of the solitons is secured, the next
natural step is to consider interactions between
them, which is the subject of the present work,
for the most interesting case of 3D solitons. We
perform the analysis by means of systematic nu-
merical simulations and some analytical approxi-
mations. First, we consider interactions between
identical solitons, with phase shift ϕ between their
complex wave functions, assuming that the soli-
tons are separated by a relatively small distance.
The outcome of the interaction strongly depends
on ϕ. First, attraction between in-phase solitons,
with ϕ = 0, leads to their quick merger into a sin-
gle soliton, in an almost fundamental form (with
weak residual intrinsic oscillations in it, which is
different from the outcome of the interaction in
1D, where in-phase solitons merge into a strongly
excited breather). On the other hand, the soli-
tons with ϕ = pi interact repulsively, separating
from each other. A noteworthy outcome is pro-
duced by the interaction in the intermediate case,
with ϕ = pi/2: the pair of initially identical solitons
features symmetry breaking between them, pro-
ducing two solitons with different integral norms.
This nontrivial effect is explained by considering
the amplitude and phase structure of the two-
soliton pair (the symmetry breaking is a conse-
quence of a mismatch between the pair’s “ampli-
tude center” and “phase center”). A challeng-
ing situation is addressed in the second part of
the work, which deals with a pair of 3D solitons
trapped in a common 2D potential (the third spa-
tial direction remains unconfined). It is found
that the pair may form a sufficiently robust slowly
rotating “molecule”, if appropriate initial con-
ditions are applied. The theoretical results re-
ported in the paper suggest new possibilities for
experiments with multidimensional solitons.
I. INTRODUCTION
Cubic nonlinearity, which represents the Kerr effects, is
a ubiquitous feature of a great variety of optical media.
It is commonly known that the interplay of the cubic
self-focusing with the group-velocity dispersion or spa-
tial diffraction gives rise to effectively one-dimensional
(1D) solitons in the temporal and spatial domains, re-
spectively [1]. The same type of the nonlinearity, which
represents attractive interaction between atoms in Bose-
Einstein condensates (BECs), helps to create stable effec-
2tively 1D matter-wave solitons [2]. A natural extension
of these well-known results is building multidimensional
solitons [3] (in particular, spatiotemporal solitons in op-
tics [4, 5], alias “light bullets” [6]). However, a well-
known problem is that, while formal soliton solutions
to two- and three-dimensional (2D and 3D) nonlinear
Schro¨dinger equations (NLSEs) can be easily found in
the numerical form, they are completely unstable due to
the presence of the critical (2D) and supercritical (3D)
collapse in the same equation.
The simplest possibility to arrest the collapse and sta-
bilize the multidimensional solitons is using a medium
with nonlinear response of the cubic-quintic (CQ) type,
which includes a self-defocusing fifth-order term. The CQ
nonlinearity occurs in various optical media [11], includ-
ing chalcogenide glasses [12]-[14] and organic materials
[15]. Recently, it was demonstrated that required values
of the cubic and quintic coefficients can be accurately
engineered in colloidal suspensions of metallic nanopar-
ticles [16, 17]. As a result, 2D spatial fundamental soli-
tons have been created experimentally in a liquid bulk
waveguide [18]. In principle, the CQ nonlinearity may
be realized in BEC too, with the quintic term provided
by repulsive three-body collisions in a relatively dense
condensate [19, 20, 28], although this interpretation is
hampered by the fact that the three-body interactions
contribute to losses in the condensate [21, 22].
As concerns the theoretical analysis, the stability of
isotropic fundamental solitons in 2D and 3D media with
the CQ nonlinearity is obvious [23]-[28]. A challenging
issue for this model is a possibility of the existence of
stable 2D and 3D solitons with embedded vorticity, as
the saturation of the nonlinearity (in particular, provided
by the quintic self-defocusing) does not, generally, se-
cure the stability of vortex (ring-shaped) solitons against
ring-splitting perturbations [26]. The partial stability of
2D solitary vortices with topological charges S = 1, 2, 3
was discovered in direct simulations and rigorously in-
vestigated in Refs. [29] and [30], respectively (stability
regions for S > 3 exist too, but they are extremely nar-
row); see also Refs. [31] and [32]. In 3D, stability re-
gions for toroidal solitons with S = 1 in single- and two-
component NLSE systems with the CQ nonlinearity were
found, respectively, in Refs. [33] and [34] (the stability
of vortex solitons in the two-component 2D model was
considered in Ref. [35]). Related results were produced
by simulations of the evolution of multi-soliton 2D [36]
and 3D [37] clusters carrying an overall angular momen-
tum, which demonstrate slow merger or expansion of the
cluster [37].
The objective of the present work is to consider in-
teractions of 3D fundamental solitons in the framework
of the NLSE with the CQ nonlinearity, which is a rele-
vant problem for the above-mentioned physical realiza-
tions of the model. Thus far, soliton-soliton collisions
in the CQ model were chiefly studied in the 1D setting
[38] (some results were also reported for interactions of
2D solitons [39]). By means of systematic simulations
of the 3D equation, we demonstrate that soliton-soliton
interactions are essentially inelastic: depending on the
initial phase difference, ϕ, two identical solitons merge
into a single one at ϕ = 0 (on the contrary to the pre-
viously known results for the inelastic interaction of 1D
solitons, the merger creates a nearly stationary funda-
mental soliton, rather than a strongly excited breather);
the solitons bounce back at ϕ = pi; and symmetry break-
ing takes place at intermediate values of ϕ, producing
a pair of separating fundamental solitons with unequal
energies (norms). In addition to that, we also construct
a slowly rotating “two-soliton molecule” (this concept is
known in 1D models [40, 41]), placing a 3D soliton pair,
with angular momentum imparted to it, in a 2D trapping
potential. The latter result suggests a possibility of the
creation of a such a specific rotating bound state in the
experiment.
The rest of the paper is organized as follows. The
model is formulated in Section II. Numerical results for
the soliton-soliton interactions in free space are summa-
rized in Section III, the formation of the rotating “soliton
molecule” is reported in Section IV, and the paper is con-
cluded by Section V.
II. THE MODEL
The NLSE for local amplitude Ψ of the electromagnetic
wave in an optical waveguide, or the mean-field wave
function in BEC, with the CQ nonlinearity in the 3D
space (x, y, z), and 2D trapping potential V (x, y), if any,
is written, in the scaled form, as
i
∂Ψ
∂t
+
(
∂2
∂x2
+
∂2
∂y2
+
∂2
∂z2
)
Ψ
+[(|Ψ|2 − |Ψ|4) + V (x, y)]Ψ = 0. (1)
In terms of the spatiotemporal propagation in optics, evo-
lution variable t is actually the propagation distance, x
and y are transverse coordinates, and z the temporal
coordinate (reduced time) [1]. In addition to the Hamil-
tonian, Eq. (1) conserves the integral norm, which is
scaled energy (E) in the optical model, or scaled number
of atoms in BEC:
E =
∫ ∫ ∫
|Ψ(x, y, z)|2 dxdydz. (2)
First we address the free-space case, with V (x, y) = 0,
while the dynamics of a rotating bi-soliton “molecule”,
trapped in the 2D harmonic-oscillator potential,
V (x.y) = V0
[
(x− xc)2 + (y − yc)2
]
, (3)
where (xc, yc) are coordinates of the center of the inte-
gration domain (see, e.g., Fig. 2 below), is considered
separately in Section IV. In the absence of any potential
(free space), Eq. (1) conserved the linear and angular
3momenta, together with the Hamiltonian and E. In the
presence of the isotropic trapping potential (3), Eq. (1)
still conserved the z-component of the angular momen-
tum.
In terms of optics, stationary solutions for isotropic
fundamental solitons in the free space, with propagation
constant K > 0 (in terms of BEC, −K is the chemical
potential), are looked for in the usual form,
Ψ (x, y, z, t) = eiKtU
(
r ≡
√
(x− xc)2 + (y − yc)2 + z2
)
,
(4)
with real radial amplitude function, U(r), satisfying
equation
KU =
d2U
dr2
+
2
r
dU
dr
+ U3 − U5, (5)
subject to boundary conditions dU/dr(r = 0) = 0,
U(r) ∼ exp
(
−√Kr
)
at r →∞.
A set of numerically generated profiles U(r) (actually,
they were obtained, although not displayed, in Ref. [33])
is presented in Fig. 1. They were produced by a numer-
ical method based on Newton-Raphson iterations [42],
implemented in the Cartesian coordinates in the 3D do-
main of size L × L × L, where L = 110 was sufficient to
accommodate all the solitons and two-soliton complexes
considered in this work. The stationary solutions were
obtained with relative accuracy 10−8. Simulations of the
evolution of 3D states were then performed by means of
the well-known split-step algorithm [43].
Equation (5) generated 3D fundamental solitons at
K < Kmax = 3/16, with Kmax determined by the
exact soliton solution for the 1D NLSE with the CQ
nonlinear terms [44, 45]; this happens because very
broad 3D solitons become quasi-one-dimensional in the
limit of K → 3/16. In this limit, the solitons de-
velop a flat-top shape with a diverging radial size, R ≃(
1/
√
3
)
ln
(
(3− 16K)−1
)
, and the asymptotic value of
the amplitude in the flat-top area, U (K = 3/16) =√
3/2. As shown in Ref. [33], the fundamental 3D soli-
tons are stable atK > Kmin ≈ 0.02, hence all the solitons
whose profiles are displayed in Fig. 1 are stable, except
for the one corresponding to K = 0.012.
Lastly, it is relevant to mention that the shape of
the fundamental solitons which do not yet feature an
extended flat-top profile, may be accurately predicted
by the variational approximation based on the Gaussian
ansatz, U(r) = A exp
(−r2/W 2), with constants A and
W representing the soliton’s amplitude and width. These
results are not displayed here in detail, as the approxima-
tion is similar to that developed previously for the NLSE
with the CQ nonlinearity in 1D [20, 46], 2D [23], and 3D
[25] settings.
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FIG. 1. (Color online) A set of radial profiles of the 3D
isotropic solitons, found in the numerical form at values of
the propagation constant, K, indicated in the figure.
III. INTERACTIONS OF
THREE-DIMENSIONAL SOLITONS
The interaction between two solitons in the framework
of Eq. (1) is initiated by input
Ψ0 (x, y, z) = exp(iϕ/2)U
(
x− xc − d/2
√
2, y − yc − d/2
√
2, z
)
+exp(−iϕ/2)U
(
x− cc + d/2
√
2, y − yc + d/2
√
2, z
)
,
(6)
where U
(
x− xc ∓ d/2
√
2, y − yc ∓ d/2
√
2, z
)
are the
stationary solitons [see Eq. (4)], whose radial profiles
are shown in Fig. 1, with separation d between their
centers [directed along the diagonal in the (x, y) plane],
and phase shift ϕ between them. Generic outcomes of
the interaction may be adequately displayed for soliton
pairs with K = 0.062, separated by distance d = 10, by
varying phase ϕ.
A. The merger of in-phase solitons (ϕ = 0) and
rebound of out-of-phase ones (ϕ = pi)
Figure 2 shows a typical example of the interaction
of two identical in-phase solitons, with zero phase differ-
ence. It is known that the sign of the interaction between
fundamental 3D solitons is attractive for ϕ = 0 in input
(6) [47]. In accordance with this, the in-phase solitons at-
tract each other, quickly merging into a single one. Fig-
ure 3 demonstrates that the soliton produced by merger
is a nearly isotropic state (although the input is obviously
anisotropic), whose shape is very close to that of the sta-
tionary fundamental soliton with the same value of total
energy (2). The simulations demonstrate residual oscilla-
tions of the local power at the center of the emerging sin-
4FIG. 2. (Color online) A typical example of the merger of two
in-phase solitons (with phase shift ϕ = 0), initially separated
by distance d = 10 in the diagonal direction, as per Eq. (6),
the propagation constant of each soliton being K = 0.062. In
this figure, and in Figs. 5, 6, and 9, 10 below, the density
profile is displayed in the midplane, z = 0.
gle fundamental soliton, |Ψ(x = xc, y = yc, z = 0)|2, with
a relative amplitude ≃ 10%, defined in terms of the den-
sity values. The merger occurs as well at sufficiently small
nonzero values of ϕ (in particular, at ϕ = pi/4, see Fig.
8 below). The intrinsic oscillations may be subject to
gradual damping due to radiation losses, but verification
of this assumption requires running the 3D simulations
on a extremely long time scale, which is a technically
challenging objective, and it may correspond to unrealis-
tically large values of the propagation distance or evolu-
tion time, in terms of the experimental realization in op-
tics or BEC, respectively. In fact, emission of radiation
is observed quite clearly in oscillations of the breather
formed as a result of the merger of 1D solitons, see Fig.
4 below.
In terms of the experimental realization in optics, for
3D solitons (“light bullets”) with transverse radius ∼ 20
µm and carrier wavelength ∼ 1 µm, which are relevant
values, t = 150 (the value of t at which the merger has
been completed) in scaled units corresponds, in physical
units, to propagation distance ∼ 1 cm, which is realistic
for the experimental implementation.
In-phase solitons governed by the one-dimensional
NLSE with the CQ nonlinearity [Eq. (1) in which terms(
∂2/∂y2 + ∂2/∂z2
)
Ψ are dropped] also interact attrac-
tively, which leads to their merger (which is possible in
the framework of the nonintegrable equation), but an es-
sential difference from the 3D model is that, as shown
in Fig. 4, the merger of 1D solitons produces a nonsta-
tionary breather, rather than a nearly-fundamental soli-
ton. The breather is a robust state which persists in the
course of indefinitely long simulations. An explanation to
this drastic difference is that the 1D equation is relatively
close to the integrable cubic NLSE, which has well-known
exact solutions in the form of breathers (higher-order soli-
FIG. 3. (Color online) The shape of the soliton, produced by
the merger of the in-phase soliton pair displayed in Fig. 2, is
displayed by means of isosurfaces of |Ψ(x, y, z)|2 at t = 150.
FIG. 4. A typical example of the merger of two in-pase soli-
tons into a robust breather with strong intrinsic oscillations,
as observed in the one-dimensional NLSE with the CQ nonlin-
earity. The initial distance between the solitons is d = 6, each
one corresponding to the propagation constant K1D = 0.11.
tons) [48]. On the other hand, the 3D NLSE with the CQ
nonlinearity is very far from any integrable limit, hence
the 3D equation gives rise to the quick fusion of the col-
liding fundamental solitons into a new one, rather than
forming a complex mode with strong inner vibrations.
On the other hand, the interaction between out-of-
phase fundamental 3D solitons is repulsive [47]. In ac-
cordance with this expectation, the simulations demon-
strate, in Fig. 5, that the solitons with phase shift ϕ = pi
bounce back from each other, without any conspicuous
excitation of internal oscillations in either soliton. Sim-
ulations of the 1D version of the NLSE with the CQ
nonlinear terms also reveal fast separation of the solitons
(not shown here, as the result is quite obvious).
5FIG. 5. (Color online) The repulsive interaction of two out-
of-phase 3D solitons, with phase difference ϕ = pi, initial dis-
tance d = 10, and propagation constant K = 0.062 of each
soliton in the initial state.
B. Symmetry breaking in the interaction of
identical 3D solitons with intermediate values of the
phase difference.
The lowest-order approximation for the effective po-
tential of the interaction of fundamental 3D solitons gives
zero for phase difference ϕ = pi/2 between them [47].
On the other hand, direct simulations, displayed in Fig.
6, reveal repulsion between the solitons, which is cou-
pled to the symmetry breaking, that takes place at the
initial stage of the interaction: the separating solitons
carry obviously different energies (2), although input (6)
was composed of identical solitons. Further, Fig. 7 cor-
roborates that the asymmetric solitons appear as almost
unperturbed fundamental ones.
The explanation of the symmetry breaking in soliton-
soliton collisions was proposed (in terms of 1D solitons)
in Ref. [38]. Namely, the interaction gives rise to op-
posite velocity vectors of the two solitons, ±v. It is
well known that moving solitons in the NLSE acquire
the phase structure, represented by factors exp (±iv · r)
in the solutions, where r ≡ {x− xc, y − yc}. Then, be-
fore the solitons, which were originally introduced as per
Eq. (6), separate, their coherent superposition gives rise
to factor cos (v · r+ ϕ). As follows from here, there is
a mismatch between the “amplitude center”, located at
r = 0, z = 0, and the “phase center”, which is shifted
to r0 = −ϕv/v2. The mismatch qualitatively explains
the breaking of the spatial symmetry by the interaction
between the solitons.
Results of the systematic study of this effect are sum-
marized in Fig. 8, which displays evolution of the
symmetry-breaking measure,
∆(t) ≡ |E1(t)− E2(t)| / [E1(t) + E2(t)] , (7)
in the course of the collision, where E1,2(t) are energies
FIG. 6. (Color on line) The same as in Figs. 2 and 5, but for
the 3D soliton pair with initial phase difference ϕ = pi/2. The
effective interaction is repulsive, with conspicuous symmetry
breaking of the solitons which bounce back from each other.
FIG. 7. (Color online) Shapes of the asymmetric solitons,
observed in Fig. 6 at t = 150, are shown by isosurface of the
local power.
(2) computed separately for the two solitons. This def-
inition is formal for the solitons merging into a single
one (see Fig. 2), but it makes sense in the case of the
symmetry-breaking interaction because, as seen, e.g., in
Fig. 6, in such a case the solitons always remain sepa-
rated. In the limit of t → ∞, ∆(t) takes a final value
corresponding to the pair of far separated solitons. As
explained in the caption to Fig. 8, ∆ = 1 actually cor-
responds to the merger of the pair into a single soliton,
which does not break the spatial symmetry [as mentioned
above, definition (7) does not adequately measure the
symmetry breaking for merging solitons]. Therefore, the
actual symmetry-breaking maximum in data displayed
in Fig. 8 may be identified as ∆ ≈ 0.76, achieved at
ϕ = pi/2. It is assumed that there is a critical value, ϕcr,
between ϕ = pi/4 and pi/2, at which the merger becomes
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FIG. 8. (Color online) The symmetry-breaking measure, de-
fined as per Eq. (7), is plotted versus t for soliton-soliton in-
teractions at several values of the initial phase shift, ϕ (which
appears as φ in this figure), between the initially identical in-
teracting solitons. The line with symbols, corresponding to
ϕ = 0, represents the quick merger of in-phase solitons into
a single one, as shown in Fig. 1, The line corresponding to
ϕ = pi/4 also implies the merger, which occurs at t ≈ 7. The
merger formally corresponds to ∆ = 1 (because the single soli-
ton is produced by the interaction), although the spatial sym-
metry actually remains unbroken in this case. The interact-
ing solitons remain separated at ϕ > pi/4. The out-of-phase
soliton pair (ϕ = pi) separate without symmetry breaking,
keeping ∆ ≡ 0.
incomplete and a second soliton will appear in the out-
come of the interaction. Accurate identification of ϕcr is
a challenging objective for the 3D simulations.
IV. ROTATING TWO-SOLITON MOLECULES
TRAPPED IN THE EXTERNAL POTENTIAL
In the free space, the NLSE with the CQ nonlinear-
ity does not produce persistent bound states of 3D soli-
tons (such as “molecules” or ring-shaped “necklaces”
[37]). Here, we aim to demonstrate that a rotating
two-soliton “molecule” may be formed, in the 3D space,
with the help of the 2D trapping potential (3). To
this end, centers of two identical solitons, with phase
shift ϕ between them, were initially placed at points
(x− xc = ±d/2, y − yc = z = 0), imparting to them ini-
tial velocities ±v0 in the direction of y [i.e., multiplying
the wave functions of individual solitons by exp (±iv0y)].
In the absence of the trapping potential, the so built
soliton pair in the free space could perform the rotation
by 1800 and would then break up into separating solitons.
On the other hand, Figs. 9 and 10 demonstrate that,
even a shallow trapping potential (3), with strength V0 =
10−4, helps to build a rotating “molecule” with a quasi-
stationary form. This example is displayed for the soliton
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FIG. 9. (Color online) This figure and the following one
display the evolution of the soliton pair, set in the counter-
clockwise quasi-stationary rotational motion by initial veloci-
ties ±0.3 applied in the y direction, perpendicular to the line
connecting centers of the solitons, separated by initial dis-
tance d = 10, with phase shift ϕ = pi/2 between them, in
trapping potential (3) with strength V0 = 10
−4. The rotation
period is T ≈ 150.
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FIG. 10. The continuation of Fig. 9.
pair with initial phase difference ϕ = pi/2 and separation
d = 10 along the x axis, the angular momentum being
imparted by the transverse kick with velocities ±0.3 in
the y direction. It is seen that, in accordance to the
sign of the kick, the soliton pair starts the rotation in
the counter-clockwise direction, with period T ≈ 150. It
is relevant to mention that, as shown above, in physical
units corresponding to typical “light bullets”, T = 150
corresponds to the propagation distance ∼ 1 cm in the
bulk optical waveguide.
Figures 9 and 10 demonstrate three full rotations, in
the course of which the two solitons temporarily break
their symmetry, in agreement with the results reported
7in the previous section (see Fig. 6), but the symmetry is
partly restored, from time to time. Similar results were
observed at other values of the parameters, although the
collection of systematic data is hampered by fact that
these fully 3D solitons are quite heavy. An alternative ap-
proach to the search of rotating two-soliton bound states
may be based on looking for stationary solutions to Eq.
(1) with potential (3) in a rotating reference frame. Solu-
tion of this numerical problem is beyond the framework
of the present paper.
V. CONCLUSION
In this work, we aimed to perform the systematic nu-
merical analysis of interactions between identical 3D fun-
damental solitons in the NLSE (nonlinear Schro¨dinger
equation) with the CQ nonlinearity, which is a combina-
tion of self-focusing cubic and defocusing quintic terms.
The model applies to the spatiotemporal propagation in
nonlinear optics and, under certain conditions, to BEC.
First, the interactions between two solitons with phase
shift ϕ in the free space, separated by distance d, were
systematically simulated. The outcome of the interac-
tion strongly depends on ϕ, leading to the merger of
two solitons into one at ϕ = 0 (and at relatively small
nonzero values of ϕ, such as ϕ = pi/4), and the mutual
rebound of the out-of-phase solitons at ϕ = pi. A note-
worthy finding is that the the in-phase fundamental soli-
tons merge into one in a nearly stationary form, without
conspicuous inner vibrations, unlike the results for the
1D version of the model, where the solitons feature fu-
sion into a strongly excited breather. At intermediate
values of the phase difference, such as ϕ = pi/2, the soli-
tons separate, interacting repulsively, but, unlike the case
of ϕ = pi, the interaction breaks the symmetry between
the originally identical solitons, producing two far sep-
arated ones with essentially different energies (norms).
The symmetry-breaking effect may be qualitatively ex-
plained by means of an argument similar to one which
was previously used for the explanation of the symmetry
breaking in the interaction of 1D solitons [38]. In the
other part of the present work, it is demonstrated that a
pair of 3D solitons trapped in the 2D potential may form
a slowly rotating “molecule”, by initially kicking the soli-
tons in the opposite directions, perpendicular to the line
connecting their centers.
As an extension of the work, it may be interesting to
systematically study interactions of stable vortex solitons
with topological charges S1,2 = ±1, which exist in the
same 3D model [33]. In that case, the result should de-
pend, in particular, on the relative sign of S1 and S2.
As mentioned above, it may also be relevant to develop
a more comprehensive analysis of the rotating bi-soliton
“molecules” trapped in the external potential (in particu-
lar, looking for them as stationary two-soliton complexes
in the rotating reference frame).
ACKNOWLEDGMENTS
B.A.M. acknowledges partial support provided by the
Binational (US-Israel) Science Foundation through grant
No. 2015616, and by Israel Science Foundation (Grant
No. 1287/17).
[1] Y. S. Kivshar and G. P. Agrawal, Optical Solitons: From
Fibers to Photonic Crystals (Academic Press, San Diego,
2003).
[2] K. E. Strecker, G. B. Partridge, A. G. Truscott, and R.
G. Hulet, New J. Phys. 5, 73 (2003).
[3] B. A. Malomed, Multidimensional solitons: Well-
established results and novel findings, Eur. Phys. J. Spe-
cial Topics 225, 2507-2532 (2016).
[4] B. A. Malomed, D. Mihalache, F. Wise, and L. Torner,
Spatiotemporal optical solitons, J. Opt. B: Quant.
Semicl. Opt. 7, R53-R72 (2005).
[5] B. A. Malomed, D. Mihalache, F. Wise, and L. Torner,
Viewpoint: On multidimensional solitons and their
legacy in contemporary atomic, molecular and optical
physics, J. Phys. B: At. Mol. Opt. Phys. 49, 170502
(2016).
[6] Y. Silberberg, Collapse of optical pulses, Opt. Lett. 15,
1282-1284 (1990).
[7] L. Berge´, Wave collapse in physics: principles and ap-
plications to light and plasma waves, Phys. Rep. 303,
259-370 (1998).
[8] G. Fibich, The Nonlinear Schro¨dinger Equation: Singu-
lar Solutions and Optical Collapse (Springer: Heidelberg,
2015).
[9] N. Dror and B. A. Malomed, Physica D 240, 526 (2011).
[10] Spontaneous Symmetry Breaking, Self-Trapping, and
Josephson Oscillations, B. A. Malomed, editor (Springer-
Verlag: Berlin and Heidelberg, 2013).
[11] G. S. Agarwal and S. Dutta Gupta, T-matrix approach
to the nonlinear susceptibilities of heterogeneous media,
Phys. Rev. A 38, 5678-5687 (1988).
[12] F. Smektala, C. Quemard, V. Couderc, and A.
Barthe´le´my, Non-linear optical properties of chalcogenide
glasses measured by Z-scan, J. Non-Cryst. Solids 274,
232-237 (2000).
[13] G. Boudebs, S. Cherukulappurath, H. Leblond, J. Troles,
F. Smektala, and F. Sanchez, Experimental and theoret-
ical study of higher-order nonlinearities in chalcogenide
glasses, Opt. Commun. 219, 427-433 (2003).
[14] K. Ogusu, J. Yamasaki, S. Maeda, M. Kitao, and M.
Minakata, Linear and nonlinear optical properties of Ag–
As–Se chalcogenide glasses for all-optical switching, Opt.
Lett. 29, 265-267 (2004)
[15] C. Zhan, D. Zhang, D. Zhu, D. Wang, Y. Li, D. Li, Z.
Lu, L. Zhao, and Y. Nie, Third- and fifth-order optical
nonlinearities in a new stilbazolium derivative, J. Opt.
Soc. Am. B 19, 369-375 (2002).
8[16] E. L. Falca˜o-Filho, C. B. de Arau´jo, and J.. J. Rodrigues,
Jr., High-order nonlinearities of aqueous colloids contain-
ing silver nanoparticles, J. Opt. Soc. Am. B 24, 2948-
2956 (2007).
[17] E. L. Falca˜o-Filho, R. Barbosa-Silva, R. G. Sobral-Filho,
A. M. Brito-Silva, A. Galembeck, and C. B. de Arau´jo,
High-order nonlinearity of silica-gold nanoshells in chlo-
roform at 1560 nm, Opt. Exp. 18, 21636-21644 (2010).
[18] E. L. Falca˜o-Filho, C. B. de Arau´jo, G. Boudebs, H.
Leblond, and V. Skarka, Robust two-dimensional spatial
solitons in liquid carbon disulfide, Phys. Rev. Lett. 110,
01390 (2013).
[19] A. Gammal, T. Frederico, L. Tomio, and F. Kh. Abdul-
laev, Stability analysis of the D-dimensional nonlinear
Schro¨dinger equation with trap and two- and three-body
interactions, Phys. Lett. A 267, 305-311 (2000).
[20] C. Trallero-Giner, R. Cipolatti, and T. C. H. Liew, One-
dimensional cubic-quintic Gross-Pitaevskii equation for
Bose-Einstein condensates in a trap potential, Eur. Phys.
J. D 67, 143 (2013).
[21] D. M. Stamper-Kurn, M. R. Andrews, A. P. Chikkatur,
S. Inouye, H. J. Miesner, J. Stemger, and W. Ketterle,
Optical confinement of a Bose-Einstein condensate, Phys.
Rev. Lett. 80, 2027-2030 (1998).
[22] S. Will, T. Best, U. Schneider, L. Hackermuller, D. S.
Luhmann, and I. Bloch, Time-resolved observation of
coherent multi-body interactions in quantum phase re-
vivals, Nature 465, 197-201 (2010).
[23] K. Dimitrevski, E. Reimhult, E. Svensson, A. O¨hgren,
D. Anderson, A. Berntson, M. Lisak, M. L. Quiroga-
Teixeiro, Analysis of stable self-trapping of laser beams
in cubic-quintic nonlinear media, Phys. Lett. A 248, 369-
376 (1998).
[24] M. L. Quiroga-Teixeiro, A. Berntson, and H. Michinel,
Internal dynamics of nonlinear beams in their ground
states: short- and long-lived excitation, J. Opt. Soc. Am.
B 16, 1697-1704 (1999).
[25] Z. Jovanoski, Light bullet formation in a cubic-quintic
nonlinear medium, J. Mod. Opt. 48, 865-875 (2001).
[26] W. J. Firth and D. V. Skryabin, Optical solitons carrying
orbital angular momentum, Phys. Rev. lett. 79, 2450-
2453 (1997).
[27] S. Konar, M. Mishra, and S. Jana, Nonlinear evolution
of cosh-Gaussian laser beams and generation of flat top
spatial solitons in cubic quintic nonlinear media, Phys.
Lett. A 362, 505-510 (2007).
[28] S. K. Adhikari, Symmetry breaking, Josephson oscilla-
tion and self-trapping in a self-bound three-dimensional
quantum ball, Sci. Rep. 7, 16045 (2017).
[29] M. Quiroga-Teixeiro and H. Michinel, Stable azimuthal
stationary state in quintic nonlinear optical media, J.
Opt. Soc. Am. B 14, 2004-2009 (1997).
[30] R. L. Pego and H. A. Warchall, Spectrally stable encap-
sulated vortices for nonlinear Schro¨dinger equations, J.
Nonlinear Sci. 12, 347-394 (2002).
[31] H. Michinel, J. R. Salgueiro, and M. J. Paz-Alonso,
Square vortex solitons with a large angular momentum,
Phys. Rev. E 70, 066605 (2004).
[32] T. A. Davydova and A. I. Yakimenko, Stable multi-
charged localized optical vortices in cubic–quintic non-
linear media, J. Opt. A: Pure Appl. Opt. 6, S197-S201
(2004)
[33] D. Mihalache, D. Mazilu, L.-C. Crasovan, I. Towers, A.
V. Buryak, B. A. Malomed, L. Torner, J. P. Torres, and
F. Lederer, Stable spinning optical solitons in three di-
mensions, Phys. Rev. Lett. 88, 073902 (2002).
[34] D. Mihalache, D. Mazilu, I. Towers, B. A. Malomed, and
F. Lederer, Stable spatiotemporal spinning solitons in a
bimodal cubic-quintic medium, Phys. Rev. E 67, 056608
(2003).
[35] D. Mihalache, D. Mazilu, I. Towers, B. A. Malomed, and
F. Lederer, Stable two-dimensional spinning solitons in a
bimodal cubic–quintic model with four-wave mixing, J.
Opt. A: Pure Appl. Opt. 4, 615–623 (2002).
[36] D. Mihalache, D. Mazilu, L.-C. Crasovan, B. A. Mal-
omed, F. Lederer, and L. Torner, Robust soliton clusters
in media with competing cubic and quintic nonlinearities,
Phys. Rev. E 68, 046612 (2003).
[37] D. Mihalache, D. Mazilu, L.-C. Crasovan, B. A. Mal-
omed, F. Lederer, and L. Torner, Soliton clusters in
three-dimensional media with competing cubic and quin-
tic nonlinearities, J. Opt. B: Quantum Semiclass. Opt. 6,
S333–S340 (2004).
[38] L. Khaykovich and B. A. Malomed, Deviation from one
dimensionality in stationary properties and collisional
dynamics of matter-wave solitons, Phys. Rev. A 74,
023607 (2006).
[39] S. Konar, S. Jana, and M. Mishra, Induced focusing and
all optical switching in cubic-quintic nonlinear media,
Opt. Commun. 255, 114-129 (2005).
[40] M. Stratmann, T. Pagel, and F. Mitschke, Experimen-
tal observation of temporal soliton molecules, Phys. Rev.
Lett. 95, 143902 (2005).
[41] U. Al Khawaja and H. T. C. Stoof, Formation of matter-
wave soliton molecules, New J. Phys. 13, 085003 (2011).
[42] W. H. Press, S. A. Teukovsky, W. T. Vetterling, and
B. P. Flannery, Numerical recipes in C++ , Chap. 17
(Cambridge University Press: Cambridge, 2002).
[43] J. Yang, Nonlinear Waves in Integrable and Non-
integrable Systems (SIAM: Philadelphia, 2010).
[44] Kh. I. Pushkarov, D. I. Pushkarov, and I. V. Tomov,
Self-action of light beams in nonlinear media: soliton so-
lutions, Opt. Quant. Electr. 11, 471-478 (1979).
[45] S. Cowan, R. H. Enns, S. S. Rangnekar, and S. S.
Sanghera, Quasi-soliton and other behaviour of the non-
linear cubic-quintic Schro¨dinger equation, Can. J. Phys.
64, 311-315 (1986).
[46] C. De Angelis, Self-trapped propagation in the nonlin-
ear cubic-quintic equation: a variational Schro¨dinger ap-
proach, IEEE J. Quant. Elect. 30, 818-821 (1994).
[47] B. A. Malomed. Potential of interaction between two- and
three-dimensional solitons. Phys. Rev. E 58, 7928-7933
(1998).
[48] J. Satsuma and N. Yajima, Initial value problems of one-
dimensional self-modulation of nonlinear waves in disper-
sive media, Suppl. Prog. Theor. Phys. 55, 284-306 (1974).
